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THE HAIGHT-RUZSA METHOD FOR SETS WITH MORE
DIFFERENCES THAN MULTIPLE SUMS
MELVYN B. NATHANSON
Abstract. Let h be a positive integer and let ε > 0. The Haight-Ruzsa
method produces a positive integer m∗ and a subset A of the additive abelian
group Z/m∗Z such that the difference set is large in the sense that A − A =
Z/m∗Z and h-fold sumset is small in the sense that |hA| < εm∗. This note
describes, and in a modest way extends, the Haight-Ruzsa argument, and
constructs sets with more differences than multiple sums in other additive
abelian groups.
1. Sets with more sums than differences
Let W be an additive abelian group. For every subset A of W , we define the
difference set
A−A = {a1 − a2 : a1, a2 ∈ A}
and, for every positive integer h, the h-fold sumset
hA = {a1 + a2 + · · ·+ ah : ai ∈ A for all i = 1, 2, . . . , h}.
In particular,
2A = {a1 + a2 : a1, a2 ∈ A}.
Because
a1 + a2 = a2 + a1
but
a1 − a2 = −(a2 − a1)
it is reasonable to expect that
|A+A| ≤ |A−A|
for “most” but not necessarily all finite nonempty subsets A of W . A set with more
sums than differences is called an MSTD set. For example, in the additive group
Z of integers, the set
A = {0, 2, 3, 4, 7, 11, 12, 14}
is an MSTD set:
A+A = [0, 28] \ {1, 20, 27}
A−A = [−14, 14] \ {±6,±13}
and so
|A+A| = 26 > 25 = |A−A|.
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Several families of MSTD sets of integers have been constructed, but there is no clas-
sification of such sets and many unsolved problems remain (cf. Hegarty [3], Hegarty
and Miller [2], Iyer, Lazarov, Miller, and Zhang [4, 5], Martin and O’Bryant [6],
Nathanson [7, 8]).
A dual problem is to construct sets with more differences than multiple sums,
that is, finite sets A in a group W such that the difference set |A − A| is large
but the h-fold sumset hA is small. In 1973, Haight [1] proved that for all positive
integers h and ℓ there exists a modulus m∗ and a subset A of Z/m∗Z such that
A−A = Z/m∗Z
but hA omits ℓ consecutive congruence classes. Recently, Ruzsa [9] refined and
improved Haight’s method, and proved the following: For every positive integer h
and every ε > 0, there exists a modulus m∗ and a subset A of Z/m∗Z such that
A−A = Z/m∗Z
and
|hA| < εm∗.
The purpose of this note is to describe, and in a modest way extend, the Haight-
Ruzsa argument, and construct sets with more differences than multiple sums in
other additive abelian groups.
2. Haight-Ruzsa method
Let W be an abelian group, and let f : W → W be a function, not necessarily
a homomorphism. We define the subset
A(W, f) = {w + f(w) : w ∈W} ∪ {f(w)) : w ∈W} .
For all w ∈W , we have
w = (w + f(w)) − f(w)
and so A(W, f) is a subtractive basis for W , that is, A(W, f) satisfies the difference
set identity
A−A = W.
For every positive integer h and ε > 0, the Haight-Ruzsa method constructs a finite
abelian groupW and a function f : W →W such that the h-fold sumset of A(W, f)
is small in the sense that
(1) |hA(W, f)| < ε|W |.
Let z ∈ W . For every positive integer h, the element z is in the h-fold sumset
hA(W, f) if and only if there exist functions
(2) α, β : W → {0, 1, 2, . . . , h}
such that
(3) h =
∑
w∈W
(α(w) + β(w))
and
(4) z =
∑
w∈W
(α(w)(w + f(w)) + β(w)f(w)) .
A pair of functions (α, β) that satisfies conditions (2) and (3) is called an admissible
pair for W , and the element z ∈ hA(W, f) defined by (4) is called the group
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element represented by the admissible pair (α, β). An element z ∈ hA(W, f) can
be represented by many different admissible pairs.
An admissible pair (α, β) has level ℓ if
(5) ℓ =
∑
w∈W
α(w)+β(w)≥1
1.
Condition (3) implies that α(w) + β(w) ≥ 1 for some w ∈W , and so
ℓ ∈ {1, 2, . . . , h}.
If z in hA is represented by the pair (α, β), then the level of the pair counts the
number of w ∈W such that at least one of the group elements w+ f(w) and f(w)
appears in the representation (4) of z.
Let Lℓ(W, f) be the set of all z ∈ W such that z can be represented by an
admissible pair of level at most ℓ. We have
L1(W, f) ⊆ L2(W, f) ⊆ · · · ⊆ Lh(W, f) = hA(W, f).
The Haight-Ruzsa method inductively constructs a sequence of groups
W1 ⊆W2 ⊆ · · · ⊆Wh =W
and functions fi : Wi →Wi for i = 1, . . . , h such that
A(W1, f1) ⊆ A(W2, f2) ⊆ · · · ⊆ A(Wh, fh)
and the sumset hA(Wh, fh) = Lh(Wh, fh) satisfies inequality (1).
3. Preliminary
Let h be a positive integer, and let Rh be the set of commutative rings with iden-
tity such that, if R ∈ Rh, then r is a unit in R for all r ∈ {1, 2, . . . , h}. For example,
if p is a prime number and p > h, then Z/pZ ∈ Rh. Let R0, R1, . . . , Rn ∈ Rh. The
direct sum
⊕n
i=0Ri is a ring with identity (1R0 , 1R1 , . . . , 1Rn), and (r0, r1, . . . , rn)
is a unit in
⊕n
i=0Ri if ri ∈ {1, . . . , h} for all i = 0, 1, . . . , n. Thus,
⊕n
i=0Ri ∈ Rh.
If Mi is a finite Ri-module for i = 0, 1, . . . , n, then
⊕n
i=0Mi is a finite
⊕n
i=0Ri-
module. The group Wh will be constructed as the direct sum of a finite number of
finite Ri-modules Mi, where Ri ∈ Rh for i = 0, 1, . . . , n.
We use the following simple combinatorial inequality.
Lemma 1. Let M0,M1, . . . ,Mn be finite sets, let
W = M0 ×M1 × · · · ×Mn
and let
(x∗0, x
∗
1, . . . , x
∗
n) ∈W.
If
S =
{
(x0, x1, . . . , xn) ∈W : xj = x
∗
j for some j ∈ {0, 1, . . . , n}
}
then
|S| ≤ |W |
n∑
j=0
1
|Mj|
.
If ε > 0 and |Mj| > (n+ 1)/ε for all j ∈ {0, 1, . . . , n}, then |S| < ε|W |.
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Proof. The cardinality of W is
|W | =
n∏
i=0
|Mi|.
For j ∈ {0, 1, . . . , n}, the number of elements (x0, x1, . . . , xn) ∈ W with xj = x
∗
j is
n∏
i=0
i6=j
|Mi| =
|W |
|Mj|
.
If
S =
{
(x0, x1, . . . , xn) ∈ W : xj = x
∗
j for some j ∈ {0, 1, . . . , n}
}
then
|S| ≤
n∑
j=0
|W |
|Mj|
= |W |
n∑
j=0
1
|Mj|
.
If ε > 0 and |Mj | > (n + 1)/ε for all j ∈ {0, 1, . . . , n}, then |S| < ε|W |. This
completes the proof. 
4. Initial step
Let h be a positive integer and let ε > 0. Choose numbers ε1, . . . , εh such that
0 < ε1 < ε2 < · · · < εh < ε.
For i = 0, 1, 2, . . . , h, let Ri ∈ Rh, let Mi be a finite Ri-module such that |Mi| >
(h+ 1)/ε1, and let
W1 =
h⊕
i=0
Mi.
We write the element w1 ∈ W1 as an (h+ 1)-tuple
(6) w1 = (x0, x1, . . . , xh)
where xi ∈Mi for i = 0, 1, . . . , h. Recall that h is a unit in Ri. For i = 0, 1, . . . , h,
we define the function gi : W1 →Mi by
gi(w1) = −
i
h
xi
and we define the function f1 : W1 →W1 by
f1(w1) = (g0(x0), g1(x1), . . . , gh(xh))
=
(
0,−
1
h
x1, . . . ,−
i
h
xi, . . . ,−
h− 1
h
xh−1,−xh
)
Let
A(W1, f1) = {w1 + f1(w1) : w1 ∈W1} ∪ {f1(w1) : w1 ∈ W1} .
The level 1 set L1(W1, f1) is the set of all x ∈ hA(W1, f1) of the form
x = j(w1 + f1(w1)) + (h− j)f1(w1) = jw1 + hf1(w1)
for some
(7) j ∈ {0, 1, 2, . . . , h}.
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We have
jw1 + hf1(w1)
= j(x0, x1, . . . , xh) + h
(
0,−
1
h
x1, . . . ,−
i
h
xi, . . . ,−
h− 1
h
xh−1,−xh
)
= (jx0, jx1, . . . , jxi, . . . , jxh)− (0, x1, . . . , ixi, . . . , hxh)
= (jx0, (j − 1)x1, . . . , (j − i)xi, . . . , (j − h)xh).
It follows from (7) that at least one coordinate of this (h+ 1)-tuple is 0. Applying
Lemma 1, we obtain
|L1(W1, f1)| ≤ |W1|
h∑
i=0
1
|Mi|
< ε1|W1|.
5. Inductive step
Let 1 ≤ k ≤ h− 1, and assume that we have a ring R0 ∈ Rh, a finite R0-module
Wk, and a function fk : Wk →Wk such that the sets
A(Wk, fk) = {wk + fk(wk) : wk ∈ Wk} ∪ {fk(wk) : wk ∈Wk}
and
Lk(Wk, fk) = {wk ∈ hAk : level(wk) ≤ k}
satisfy
|Lk(Wk, fk)| < εk|Wk|.
Because Wk is a finite set, the number of admissible pairs on Wk is finite. Let n
be the number of admissible pairs of level exactly k + 1 with respect to Wk. We
denote these pairs by (αi, βi) for i = 1, 2, . . . , n. It follows from (3) that
αi(wk) + βi(wk) ∈ {0, 1, . . . , h}
for all wk ∈ Wk.
For i = 1, 2, . . . , n, let Ri ∈ Rh, and let Mi be a finite Ri-module such that
|Mi| >
n
εk+1 − εk
.
The set
Wk+1 = Wk ⊕
n⊕
i=1
Mi
is a finite module over the ring R0 ⊕
⊕n
i=1 Ri ∈ Rh. We denote the components of
wk+1 ∈Wk+1 as follows:
wk+1 = (wk, x1, . . . , xn)
where wk ∈Wk and xi ∈Mi for i = 1, . . . , n. Define the projection π0 : Wk+1 →Wk
by
π0(wk+1) = wk.
For i = 1, 2, . . . , n, we define the projection πi : Wk+1 →Mi by
πi(wk+1) = xi
and we define the function gi : Wk+1 →Mi as follows: If π0(wk+1) = wk and
αi(wk) + βi(wk) = 0
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then
gi(wk+1) = 0.
If
αi(wk) + βi(wk) ∈ {1, . . . , h}
then
gi(wk+1) = −
αi(wk)xi
αi(wk) + βi(wk)
.
The function gi is well defined because r is a unit in Ri for all r ∈ {1, . . . , h}.
Define the function fk+1 : Wk+1 →Wk+1 by
fk+1(wk+1) = (fk(wk), g1(wk+1), . . . , gn(wk+1)) .
We have
wk+1 + fk+1(wk+1) = (wk + f(wk), x1 + g1(wk+1), . . . , xn + gn(wk+1)) .
Consider the set
A(Wk+1, fk+1)
= {wk+1 + fk+1(wk+1) : wk+1 ∈Wk+1} ∪ {fk+1(wk+1) : wk+1 ∈Wk+1} .
Because
π0 (fk+1(wk+1)) = f(wk)
and
π0 (wk+1 + fk+1(wk+1)) = wk + f(wk)
it follows that
π0(Ak+1(Wk+1, fk+1)) = Ak(Wk, fk).
The (k + 1)-level set Lk+1(Wk+1, fk+1) is the set of all elements zk+1 ∈ hAk+1
that can be represented by an admissible pair (γ, δ) of level at most k + 1. We
define the functions
γˆ : Wk → N0 and δˆ : Wk → N0
as follows: For wk ∈Wk, let
γˆ(wk) =
∑
(x1,...,xn)
∈M1×···×Mn
γ(wk, x1, . . . , xn)
and
δˆ(wk) =
∑
(x1,...,xn)
∈M1×···×Mn
δ(wk, x1, . . . , xn)
We have
(8) γˆ(wk) + δˆ(wk) =
∑
(x1,...,xn)
∈M1×···×Mn
(γ(wk, x1, . . . , xn) + δ(wk, x1, . . . , xn))
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and ∑
wk∈Wk
(γˆ(wk) + δˆ(wk))
=
∑
wk∈Wk
∑
(x1,...,xn)
∈M1×···×Mn
(γ(wk, x1, . . . , xn) + δ(wk, x1, . . . , xn))
=
∑
wk+1∈Wk+1
(γ(wk+1) + δ(wk+1))
= h.
Thus, (γˆ, δˆ) is an admissible pair of functions on Wk.
Because (γ, δ) is an admissible pair of functions on Wk+1 of level at most k + 1,
it follows that γ(wk+1) + δ(wk+1) ≥ 1 for at most k + 1 elements wk+1 ∈ Wk+1.
Identity (8) implies that if wk ∈ Wk and γˆ(wk) + δˆ(wk) ≥ 1, then there exists
wk+1 ∈Wk+1 such that π0(wk+1) = wk and γ(wk+1)+ δ(wk+1) ≥ 1. It follows that
γˆ(wk) + δˆ(wk) ≥ 1 for at most k + 1 elements wk ∈ Wk, and so the pair (γˆ, δˆ) has
level at most k + 1. Similarly, if the pair (γ, δ) has level at most k, then the pair
(γˆ, δˆ) has level at most k.
If zk+1 ∈ L(Wk+1, fk+1), then zk+1 is represented by an admissible pair (γ, δ) of
level at most k + 1. We have
zk+1 =
∑
wk+1∈Wk+1
(γ(wk+1) (wk+1 + fk+1(wk+1)) + δ(wk+1)fk+1(wk+1))
=
∑
wk+1∈Wk+1
((γ(wk+1)(wk + f(wk), x1 + g1(wk+1), . . . , xn + gn(wk+1))
+δ(wk+1)(f(wk), g1(wk+1), . . . , gn(wk+1))) .
For i = 1, . . . , n, we have
πi(zk+1) =
∑
wk+1∈Wk+1
(γ(wk+1)(xi + gi(wk+1) + δ(wk+1)gi(wk+1))
=
∑
wk+1∈Wk+1
(γ(wk+1)xi + (γ(wk+1) + δ(wk+1))gi(wk+1)) ∈Mi.
For i = 0, we have
zk = π0(zk+1)
=
∑
wk+1∈Wk+1
(γ(wk+1)(wk + f(wk)) + δ(wk+1)f(wk))
=
∑
wk∈Wk
∑
(x1,...,xn)
∈M1×···×Mn
(γ(wk, x1, . . . , xn)(wk + f(wk)) + δ(wk, x1, . . . , xn)f(wk))
=
∑
wk∈Wk
γˆ(wk)(wk + f(wk)) + δˆ(wk)f(wk)
and so zk is an element of hA(Wk, fk) that is represented by the admissible pair
(γˆ, δˆ) of level at most k + 1. If the admissible pair (γˆ, δˆ) has level at most k, then
zk ∈ Lk(Wk, fk).
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Suppose that (γˆ, δˆ) is an admissible pair in Wk of level exactly k + 1. It fol-
lows that the admissible pair (γ, δ) in Wk+1 also has level exactly k + 1. Because
{(αi, βi) : i = 1, . . . , n} is the set of all admissible pairs on Wk of level k + 1, there
is a unique integer j ∈ {1, 2, . . . , n} such that (γˆ, δˆ) = (αj , βj). Let
S = {wk ∈ Wk : αj(wk) + βj(wk) ≥ 1}.
There are exactly k + 1 elements wk ∈ Wk that appear in the representation of zk
associated with the admissible pair (α, β), and so |S| = k + 1. If wk ∈ S, then
1 ≤ αj(wk) + βj(wk) = γˆ(wk) + δˆ(wk)
=
∑
(x1,...,xn)
∈M1×···×Mn
(γ(wk, x1, . . . , xn) + δ(wk, x1, . . . , xn)) .
Because the admissible pair (γ, δ) in Wk+1 has level k + 1, for each wk ∈ S, there
is a unique n-tuple (y1, . . . , yn) ∈M1 × · · · ×Mn such that
αj(wk) + βj(wk) = γˆ(wk) + δˆ(wk)
= γ(wk, y1, . . . , yn) + δ(wk, y1, . . . , yn)
≥ 1
and
γ(wk, x1, . . . , xn) + δ(wk, x1, . . . , xn) = 0
for all (x1, . . . , xn) ∈M1 × · · · ×Mn with (x1, . . . , xn) 6= (y1, . . . , yn). Therefore,
πj(zk+1) =
∑
wk+1∈Wk+1
(γ(wk+1)xj + (γ(wk+1) + δ(wk+1))gj(wk+1))
=
∑
wk∈Wk
∑
(x1,...,xn)∈
M1×···×Mn
γ(wk, x1, . . . , xn)xj
+
∑
wk∈Wk
∑
(x1,...,xn)∈
M1×···×Mn
(γ(wk, x1, . . . , xn) + δ(wk, x1, . . . , xn)) gj(wk+1)
=
∑
wk∈Wk
(γ(wk, y1, . . . , yn)xj + (γ(wk, y1, . . . , yn) + δ(wk, y1, . . . , yn))gj(wk+1))
=
∑
wk∈Wk
(αj(wk)xj + (αj(wk) + βj(wk))gj(wk+1))
=
∑
wk∈Wk
(
αj(wk)xj + (αj(wk) + βj(wk))
(
−
αj(wk)xj
αj(wk) + βj(wk)
))
= 0.
To summarize, if zk+1 ∈ Lk+1(Wk+1, fk+1), then π0(zk+1) ∈ Lk(Wk, fk) or πj(zk+1) =
0 for some j ∈ {1, . . . , n}. Because |Lk(Wk, fk)| < εk|Wk|, the number of elements
zk+1 ∈ Wk+1 with π0(zk+1) ∈ Lk(Wk, fk) is at most
εk|Wk||M1| · · · |Mn| = εk|Wk+1|.
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For j ∈ {1, . . . , n}, the number of elements in Wk+1 with πj(zk+1) = 0 is
|Wk|
n∏
i=1
i6=j
|Mi| =
|Wk+1|
|Mj|
<
(
εk+1 − εk
n
)
|Wk+1|
and so
|Lk+1(Wk+1, fk+1| < εk|Wk+1|+
n∑
i=1
(
εk+1 − εk
n
)
|Wk+1| = εk+1|Wk+1|.
This completes the induction. With k = h, we obtain
hA(Wh, fh) = Lh(Wh, fh) < εh|Wh| < ε|Wh|.
This completes the proof.
6. Examples
Example 1: Let h be a positive integer and let ε > 0. Let Mh be the set of
positive integersm such that every prime divisor ofm is greater than h. Ifm ∈ Mh,
then every integer r ∈ {1, 2, . . . , h} is a unit in the ring Z/mZ, and so Z/mZ ∈ Rh
and Z/mZ is a finite Z/mZ-module. In the Haight-Ruzsa construction, if we choose
modules Mi = Z/miZ with pairwise relatively prime moduli mi ∈ Mh, then we
obtain a finite abelian group
Wh =
⊕
i∈I
Z/miZ ∼= Z/m
∗
Z
where
m∗ =
∏
i∈I
mi
and a function fh : Wh →Wh such that the set
A = A(Wh, fh) = {wh + fh(wh) : wh ∈Wh} ∪ {fh(wh) : wh ∈ Wh}
satisfies A −A = Wh and |hA| < ε|Wh|. This is Ruzsa’s result, with mi prime for
all i and m∗ square-free.
Example 2: Let h be a positive integer and let ε > 0. Let Fqi be the finite field
with qi = p
ki
i and pi > h. In the Haight-Ruzsa construction, we can choose modules
Mi that are finite-dimensional vector spaces over the field Fqi of sufficiently large
dimension. We obtain a finite abelian group Wh that is a direct sum of vector
spaces. If each of these vector spaces is a vector space over the same field Fq, then
Wh is a vector space over Fq.
Example 3: Let h be a positive integer and let ε > 0. Let Fq be the finite
field with q = pk and p > h, and let Fq[t] be the vector space of polynomials with
coefficients in Fq. Let d0 = 0 < d1 < d2 < · · · be a sufficiently rapidly increasing
sequence of integers. We choose finite subspaces of Fq[t] of the form

di−1∑
j=di−1
cjt
j : cj ∈ Fq

 .
The Haight-Ruzsa method produces a subspace Wh of the vector space Fq[t] con-
sisting of all polynomials of degree less than dh.
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7. Open problems
1. Let h be a positive integer and ε > 0. Does there exist a prime p and a set
A in Z/pZ such that A − A = Z/pZ and |hA| < εp? Do such sets exist for all
sufficiently large primes p?
2. Let h be a positive integer, let ε > 0, and let c > 0. Do there exist an additive
abelian group W with |W | > c and a subset A of W such that A−A = W and the
set
G = {2a1 + a2 + · · ·+ ah : ai ∈ A for all i = 1, 2, . . . , h}
satisfies
|G| < ε|W |?
3. Let F (x1, . . . , xh) =
∑h
i=1 rixi be a linear form with coefficients in a ring R,
and let W be an R-module. For every subset A of W , we define
F (A) =
{
h∑
i=1
riai : ai ∈ A for all i = 1, . . . , h
}
.
It is an open problem to determine the pairs of linear forms (F,G) such that, for
every ε > 0 and c > 0, there exists a finite R-module W with |W | > c, F (A) =W ,
and |G(A)| < ε|W |. The Haight-Ruzsa produces modules for which this condition
is satisfied for the pair of linear forms (F,G), where
F (x1, x2) = x1 − x2
and
G(x1, . . . , xh) = x1 + · · ·+ xh.
4. If F and G are polynomials with coefficients in a commutative ring R, and if
ε > 0 and c > 0, does there exist a finite R-algebra W with |W | > c and a subset
A of W such that F (A) =W and |G(A)| < ε|W |.
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